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Intrinsic Combustion Instability of Solid Energetic Materials

L. DeLuca,* R. Di Silvestro,t and F. CozziJ
Politecnico di Milano, 20133 Milano, Italy

In the first part, a review is offered of the intrinsic stability of pressure- or radiation-driven burning of solid
propellants with chemically inert condensed phase. The two main approaches today available [flame modeling
and the Zeldovich-Novozhilov (ZN) method] are both considered. Within the current quasi-steady homogeneous
one-dimensional framework, the intrinsic burning stability boundaries and frequency of the self-sustained
oscillatory solution predicted by several techniques are the same; the classical boundaries predicted by the ZN
are somewhat extended. The intrinsic stability boundaries for pressure-driven or radiation-driven burning are
identical in the limit of fully opaque condensed phase (surface absorption). However, the burning configurations
are affected by the impinging radiant flux. Some peculiar effects of radiation assisted burning are illustrated.
In the second part of this article, an extension is presented to chemical reactions volumetrically distributed in
the condensed phase with a uniform heat release rate distribution. Frequency response functions and unbounded
response limits are obtained; both recover the particular configuration of chemically inert condensed phase.

Nomenclature
A = nondimensional function, Eq. (31); Denison and

Baum nondimensional parameter, Eq. (53);
Krier-T'ien-Sirignano-Summerfield transient
flame mode nondimensional parameter,
Eq. (54)

As = nondimensional function, Eq. (6)
a = nondimensional function defined by Eq. (13)
ax = average volumetric absorption coefficient, cm"1

B = nondimensional function introduced by Culick,
Eq. (39); Krier-T'ien-Sirignano-Summerfield
transient flame mode nondimensional
parameter, Eq. (53)
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E ( ) = E( )/9l/r(), nondimensional activation energy
E() = activation energy, cal/mole
f(p) = function, Eq. (30)
g(. . .) = function defining temperature dependence of

characteristic time parameter
HO = Q( )/[cref(X ~ 7"^)], nondimensional heat

release
70 = external radiant flux intensity, cal/cm2 s
/ = imaginary unit
K = nondimensional function, Eq. (49)
k = ZN parameter, Eq. (19)
k() = thermal conductivity, cal/cm s K
/ = length, cm
lc = thickness of condensed phase chemically

reacting layer, cm
M = average molecular mass of product gas mixture,

g/mole
m = mass burning rate, g/cm2 s
Nt = radiation fraction absorbed below reacting

surface layer, Eq. (5)
n - pressure exponent of steady-state burning rate

law
ns = pressure exponent of surface pyrolysis law,

Eq. (6) or Eq. (7)
p = pressure, atm
pref = 68 atm, reference pressure, atm
Q = heat release, cal/g (positive if exothermic)
Qref = cref(Ts,Kf - Tref), reference heat release, cal/g
Qx = total (surface-concentrated Qs + volume-

distributed Qc) condensed phase heat release,
cal/g

q = q/[pccrefrb ref(Tsref - Trcf)], nondimensional
reference energy flux; Denison and Baum
nondimensional parameter, Eq. (54)

q = energy flux intensity, cal/cm2 s
qr = I0/[pccTCffb(fs - rref)], nondimensional external

radiant flux
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<7ref = P<Aef>Vref(Xref - Tnf) , reference energy flux,
cal/cm2 s

R = nondimensional reference burning rate
Rp = mass burning rate response to pressure

fluctuations, Eq. (26)
Rq = mass burning rate response to radiation

fluctuations, Eq. (26)
$1 = universal gas constant; 1.987 cal/mole K or

82.1 atm cm3/mole K
r = ZN parameter defined in Eq. (19)
rh = burning rate, cm/s
r_b,Kt = rb(pref), reference burning rate, cm/s
rA = average reflectivity of burning surface, cm"1

T = temperature, K
Tref = 300 K, reference temperature
^,ref = Ts(pre{), reference surface temperature
Tl = initial propellant temperature, K
t = time coordinate
f = t(cg/kg)(pg), characteristic time parameter,

g/cm2 s~2

u — temperature disturbance, K
Wp = nondimensional function introduced by Culick,

Eq. (40)
Wp(y) = nondimensional function, Eq. (38)
ws = power of Krier-T'ien-Sirignano-Summerfield

transient flame mode pyrolysis law, Eq. (7)
x = space coordinate, cm
a = thermal diffusivity, cm2/s; exponent of

temperature dependence of chemical reaction
rates; Denison and Baum nondimensional
parameter, Eq. (53)

/3 = overall reaction order of chemical reactions
y = flame elongation parameter for distributed

flames, Eq. (27) and Eq. (28)
8 = ZN parameter, Eq. (20)
8(. . .) = Dirac-delta function
8£/ = ZN parameter, Eq. (46)
E = chemical reaction rate, 1/s
£ = mCglkgX, nondimensional group
ir = ax-aclfh, nondimensional ratio of conductive to

radiant layer thickness
= nondimensional function, Eq. (60)
= nondimensional function, Eq. (65)
= 1/(1 + £>3o), nondimensional function
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Subscripts
c =
c, s =
f
8

P
q
ref

nondimensional function
(1 ± Vl + 4/H)/2, complex characteristic roots
of fluctuating thermal profile
ZN parameter, Eq. (18)
ZN parameter, Eq. (24)
ZN parameter, Eq. (18); frequency, Hz
ZN parameter, Eq. (24)
density, g/cm3

phase
a>'ac/fl, nondimensional circular frequency
277*>, circular frequency, rad/s
far upstream
far downstream
space-averaged value

condensed phase
burning surface, condensed phase side
flame
gas phase
burning surface, gas phase side
edge of condensed phase chemical reacting layer
pressure
radiation
reference

s = burning surface
A = spectral value
0 = at the burning surface; initial value in time
1 = cold boundary value

Superscripts
' = fluctuating value

= steady-state value
= = value averaged over chemical composition

= dimensional value

I. Introduction

A LARGE number of models for steady and/or unsteady
combustion of solid rocket propellants has been pro-

posed by investigators in several countries. Over the years a
common stronghold has emerged, along different guidelines,
first in Russia (known as Zeldovich-Novozhilov or ZN
method1-2 and, later, in the U.S. and Western countries (known
as flame modeling or FM method). Both approaches intend
to evaluate the transient energy feedback to the burning sur-
face from the adjacent gas phase: the FM method by solving
gas phase conservation equations, the ZN method by per-
forming steady:state experiments with parametrically variable
initial temperature. Although drastically different, the two
methods share the basic assumptions of a one-dimensional
strand of homogeneous solid propellant burning with a quasi-
steady gas phase [quasi-steady homogeneous one-dimensional
(QSHOD framework)]. Currently, this strategy is still the
most accepted in dealing with solid propellant burning. It is
recognized, however, that the limitations of this by now clas-
sical approach are severe.

Solid-propellant burning assisted by external radiation is
today an area of renewed interest for both practical appli-
cations and fundamental knowledge. In particular, no com-
bustion theory is today accurate enough to predict the fre-
quency response data required by the current procedures to
test the combustion stability of solid rocket motors.3 Fur-
thermore, the experimental techniques usually implemented
are money- and time-consuming.4 These experimental tools
try to produce data by directly perturbing the pressure field.
The suggestion was made5 of using a radiation source as per-
turbing energy input. However, radiation-assisted burning yields
problems of radiation interactions with reactive media not yet
fully understood. The related intrinsic combustion stability
features some unexpected behavior even within the familiar
QSHOD framework. An excellent background to radiation-
driven burning was offered by Ibiricu and Williams,6 using
high activation energy asymptotics and formalizing the equiv-
alence principle.

An important objective of any transient flame modeling
would be to relax the quasisteady gas phase assumption, which
restricts applications to a frequency range from 0 to some
1000 Hz. Several contributions are available.7"16 T'ien7 and
Novozhilov9 published papers based on the time lag concept
first introduced in liquid rocket propulsion. Margolis and
Williams1445 went well beyond the classical QSHOD limita-
tions by relaxing, for large values of activation energies for
both surface pyrolysis and gas phase processes, the assump-
tions of quasisteadiness as well as quasiplanarity of the gas
phase and allowing two-phase flow. Further work is reported
in the FM framework by Clavin and Lazimi (pressure-driven
frequency response function of sharp flames16), and in the
ZN framework by Novozhilov.8-13

The purpose of this article is to 1) review the present status
of intrinsic stability for both pressure- and radiation-driven
combustion of solid propellants with chemically inert con-
densed phase; and 2) to somewhat extend the treatment to
solid propellants with chemically reacting condensed phase.
The QSHOD framework is accepted. Although attention is
focused on solid rocket propellants, most developments more
broadly concern solid energetic materials.
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Linear stability analyses for pressure perturbations were
first presented by Denison and Baum17 for a sharp flame and
Novozhilov843 by the ZN method. A systematic investiga-
tion was carried out by Culick for a variety of flame configura-
tions18"21; further work was performed, among others, by
Krier et al.22 and Tien23 for distributed flames. Stability anal-
yses for external radiation perturbations were carried out by
the ZN method solely.24"28 Few papers dealt with chemical
reactions distributed in the condensed phase: results were
presented18-29 for pressure-driven burning.

II. Formulation of the QSHOD Problem
The basic set of governing equations and physical assump-

tions of the broad QSHOD framework is discussed. All de-
velopments assume a one-dimensional strand of homogeneous
solid propellant burning with a quasisteady gas phase sub-
jected to pressure and/or (external) radiant flux changes in
time. Thermophysical properties are at most only pressure-
dependent. The FM method mainly is described, but is sup-
plemented where needed with the alternative ZN method. 1'2-8-13

Consider a strand of solid propellant burning, with no ve-
locity coupling, in a vessel at uniform pressure and possibly
subjected to a collimated radiant flux originated exclusively
from a continuous external source of thermal nature. Overall,
assume one-dimensional processes, no radiation scattering,
no photochemistry, and no external forces. Define a Cartesian
x axis with its origin anchored at the burning surface and
positive in the gas-phase direction.

A. Condensed Phase Assumptions and Governing Equations
Let the condensed phase be a semi-infinite slab of uniform

and isotropic composition, chemically inert, with constant
thermophysical properties, and Tl = Tref. The energy equa-
tion in the condensed phase (x < 0) is

f f
T(x, t = 0) = Ta(x < 0)

r(*-> -00,0 = r,
- ?A)/0

(2)

(3)
(4)

where at x = 0

df

(5)

The boundary condition of Eq. (4), needed to evaluate the
condensed phase thermal gradient, is where FM and ZN ap-
proaches differ. While FM needs in particular an explicit for-
mulation of the heat feedback qgs, ZN resorts to a suitable
experimental steady-state data-set. Details of the burning sur-
face and gas phase are not requested by ZN. The Nt estimate
was suggested by Son et al.30

B. Burning Surface Assumptions and Governing Equations
Let the burning surface be an infinitesimally thin planar

surface subjected to one-step, irreversible gasification pro-
cess. Both pyrolysis laws accepted in the literature for con-
centrated surface gasification are implemented: the standard
Arrhenius exponential law

and the alternative Krier-T'ien-Sirignano-Summerfield
transient flame model (KTSS) power law22:

m,(p, T,) = Bj>"-T;.(T, - (7)

Notice that analysis of the intrinsic burning stability in the
broad QSHOD framework does not require formulating a
specific pyrolysis law as long as the surface mass production
is bounded and monotonic, as indeed observed.

The (net) heat release of gasification reactions concentrated
at the burning surface is computed as

Q,(p, Ts) = Q,(p) + (cg - cc)(Ts - Ts) (8)

where the dependence Qs(p) is experimentally deduced under
steady-state operations.

C. Gas-Phase Assumptions and Governing Equations
Let the gas-phase mixture be a semi-infinite column of ther-

mally perfect components with no interactions with radiation.
The flow is assumed to be one-phase, laminar, nonviscous,
low-subsonic, and with Lewis number = 1. Thus, for all qua-
sisteady flames, the first energy integral yields the heat feed-
back to the burning surface from the gas phase (x > 0) as

7, m) = \*'~
Jo + (9)

implying that the thermal gradient at the edge of the flame
is much less than at the burning surface.31-32 The quantity
£ = mcg/kgX is a convenient nondimensional position. In the
spirit of quasisteady gas phase, the energy release Qg(p) in
the gas phase is defined once for all by an integral energy
balance carried out, under steady-state operations, from the
burning surface to the flame end

Q,(p) + Q,(P) = Q(P) = + cg(Tf - T,) (10)
For quantitative trends the previous formal result for heat

feedback requires modeling of the spatial heat release rate.
But analysis of the intrinsic burning stability in the broad
QSHOD framework does not require formulating a specific
flame model as long as the heat feedback is bounded and
unimodal, as indeed observed.

III. Nonlinear Approach to FM Intrinsic
Burning Stability

The problem of finding the stability and instability regions
of the steady-state regime, under general perturbations of the
initial thermal profile, can be treated by suitably reformulat-
ing the QSHOD problem under examination as an initial value
problem for an abstract nonlinear parabolic equation in an
infinite-dimensional normed functional space (Banach space)
consisting of thermal profiles. Let us assume that the initial
thermal profile T0(x) deviates from the pertaining time-in-
variant steady profile by a small but finite disturbance, in such
a way that

T0(x) = T(x) (11)

ms(p, Ts) = Aj>»> (6)

The purpose of the study is to investigate the long-time asymp-
totic behavior of u(x, t). The main tool in the analysis is a
generalized version of the well-known principle of linearized
stability for semilinear parabolic equations.33-34 This general
approach is valid for all quasisteady gas phase thermal flames
featuring mathematically smooth (up to the second derivative)
functions for the surface pyrolysis (assumed bounded and
increasing) and heat feedback law (assumed bounded and
unimodal). All commonly used transient flame models, in-
cluding the premixed flame by Denison and Baum17 and the
distributed flame by KTSS22 are recovered as particular cases.
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(II) AT LEAST TWO SOLUTIONS

Fig. 1 Existence and uniqueness of time-invariant steady-state so-
lution.

The surface boundary condition of Eq. (4), under steady
operating conditions and for surface absorption (i.e., fully
opaque condensed phase: Nt = 0), can be rewritten as

- ?A)/0 (12)

Thus, with reference to the sketch in Fig. 1, it can be shown35

that the QSHOD problem of Eqs. (1-10) admits 1) a unique
time-invariant steady-state nontrivial solution corresponding
to fh > 0 if the propellant sample is subjected to a positive
(incoming) heat flux; 2) two solutions, fb = 0 and fb > 0,
under adiabatic burning; 3) at least two nontrivial solutions,
fb^ > 0 and fb 2 > 0, if the propellant sample is subjected to
a moderate negative (outgoing) heat flux; 4) no solution at
all if the negative heat flux is too large.

Let us now consider35 a pressure-driven or radiation-driven
burning regime in the limit of surface absorption. Under the
above circumstances, the problem has exactly one nontrivial
time-invariant steady-state solution. The stability of such a
solution is then studied by assuming a perturbation of the
time-invariant steady profile as initial datum and then inves-
tigating its asymptotic behavior in time. The admissible per-
turbations must be "sufficiently" small (in a mathematical
sense) for any x :< 0 and exponentially decaying for x —> — <».

The mathematical analysis reveals the convenience of col-
lecting the relevant ballistic properties under two nondimen-
sional variables, defined, respectively, in terms of burning
surface and gas-phase properties:

d /'„ m,
ST.

(13)

b =

Notice that a is positive, while b can be of arbitrary sign.
Notice also that these parameters implicitly depend on the
radiant flux intensity as well. With reference to Fig. 2, the
intrinsic burning stability condition for small but finite size
disturbances is determined as

b < 1 always stable (15)

b > 1 stable if a > max[b - 1, (b!2)(b - 1)] (16)

Thus, the stability boundary consists of the segment (a — b
- 1:1 < b < 2), whose points would probably yield steady
but nonplanar structures in a multidimensional analysis (steady
bifurcation), and the arc of parabola [a = b(b — l)/2:b >
2], whose points correspond to oscillatory solutions. The com-
plementary region corresponds to instability of the time-in-

^

I-
fl 3

\ STA

- 6 - 5 - 4 - 3 - 2 - 1 0 1 2 3 4 5 6 7 8
Nondlm. Stability Parameter, b

Fig. 2 QSHOD FM or ZN intrinsic stability map for pressure or
surface radiation-driven burning. Solid line is the QSHOD FM in-
trinsic stability boundary.

variant steady solution. The frequency of the oscillatory so-
lution just at the stability boundary is given by

= [(b - l)/2]Vb(b - 2) (17)

requiring b > 2 for real 11.
For radiation-driven frequency response with volumetric

absorption (Nt ± 0 and ir = finite), a detailed mathematical
analysis is in progress.36 Although the limiting configuration
of a very transparent condensed phase (ir « 1) is recovered,
the general treatment appears rather involved; further com-
ments follow.

IV. ZN Intrinsic Burning Stability
For the reader's convenience, the classical ZN intrinsic sta-

bility analysis for pressure-driven burning is quickly revisited.
In the original ZN formulation13 four nondimensional param-
eters were introduced to describe the dependence of ballistic
properties on pressure

and
dfs (18)

and ambient temperature

= (f, - r,)

A possible correlation among the four parameters is revealed
by the Jacobian

r.) (20)

when 8 = 0, one of the four parameters can be evaluated
from the remaining three.

The intrinsic stability of a steady-state regime is investigated
by overlapping small perturbations, assumed of exponential
nature in a complex frequency, to the steady-state solution
and investigating their behavior in time. The domains for
which k > 0 and 0 < r < 1 are considered. The stability
condition for a steady-state burning propellant is formulated
as

k < 1 always stable

(* -k > 1 stable if r> k + I

(21)

(22)



808 DELUCA, SILVESTRO, AND COZZI

This stability condition does not allow investigation of the
asymptotic behavior of the perturbations far from the stability
boundary. The natural oscillatory frequency just at the sta-
bility boundary is

fi = + 1) (23)

being fl = coac/ri a nondimensional frequency. Novozhilov
(e.g., see p. 623 of Ref. 13) showed the exact equivalence of
his results with those obtained by Denison and Baum17 in the
FM framework.

For radiation-driven burning, the mathematical analysis be-
comes more involved. Exactly the same formal results are
obtained if surface absorption is assumed for the radiation-
driven burning regime27; but relevant parameters implicitly
depend on the radiant flux intensity as well. Thus, for pres-
sure-driven or radiation-driven burning in the limit of surface
absorption, the same set of equations holds true [Eqs. (19-
23)] if a straightforward generalization of the definitions in
Eq. (18) is performed as

a /;, m
8 /;/ qr

- 7\)
*f, 1
/, qr\

(24)

and 8 = v r ~ JJL k

For radiation-driven burning with volumetric absorption
(Nt + 0 and ir = finite), only the limiting configuration of
a very transparent condensed phase (ir « 1) could be ex-
plicitly treated. Results were recently published by Son and
Brewster,27 and earlier by Kiskin,25 extending a previous work24

where the equivalence principle was assumed; details are given
by Son in Chap. 6 of Ref. 28. In principle, the intrinsic burning
stability region decreases. The general configuration of ar-
bitrary ir is expected to lie in between the surface absorption
boundary of Eq. (22) and the volumetric absorption boundary
in the limit of very transparent condensed phase determined

r > (k - I)2

(1 - 2qr)k + 1
(25)

The results found by the FM and ZN methods are compared
in Fig. 2, where the boundaries obtained from the nonlinear
abstract approach are seen to exactly overlap with the ZN
boundaries (reported with their original nomenclature). The
additional intrinsic stability region (dashed area) revealed by
the nonlinear abstract approach in the area below the line a
= b, equivalent to r > 1 in the ZN plot, corresponds to a
physical configuration neglected in the ZN analysis because
it was considered unlikely to occur.

V. Linear Frequency Response Function
Another way to assess intrinsic stability of a combustion

configuration is to define the unbounded response limit of the
associated frequency response function. First, a specific flame
model needs to be implemented in order to deduce the wanted
frequency response function. The common departure step for
all FM stability studies consists of properly perturbing the
energy equation in both the condensed and gas phase, and
match them at the perturbed surface boundary condition; the
ZN approach requires the energy equation to be explicitly
written in the condensed phase only.

Fluctuations of burning rate, subsequent to an externally
controlled fluctuation of the forcing term, are sought. The
forcing term is a sinusoidal fluctuation with angular frequency
o) of either pressure or (external) radiant flux. Pressure- and

radiation-driven frequency response are complex functions
respectively defined as

Rp = m'lrhlp' Ip and Rq = m'lmU'QIIQ (26)

A positive real part of the frequency response function implies
an amplification of the forcing waves. The basic mathematical
assumption of linear theories is that all time-dependent var-
iables ( . . . ) can be expressed as the sum of a steady-state
value and a small disturbance of the type (. . .)' -el<at, whose
amplitude has to be determined, but is always much smaller
than the steady-state counterpart.

A. Transient Flame Model
Over the years, a wealth of experimental information on

solid propellant flame structure was independently collected
in the Eastern and Western countries; good accounts were
respectively compiled37'38 and provide useful suggestions as
to the most suitable flame structures for a range of operating
configurations. Based on this experimental information, a
mechanistic transient flame model was developed by this re-
search group39 for distributed or spacewise thick flames (broad
chemical reactions zones in the Russian literature). Sharp or
spacewise thin flames (narrow chemical reaction zones in the
Russian literature) can also be treated if proper care is taken
of the possibly associated delta functions. Results from all
quasisteady transient flames models accepted in the literature
can be recovered as special cases. For distributed flames of
thickness xf featuring the maximum heat release rate just at
the burning surface, the nonlinear heat feedback from the gas
phase is obtained from Eq. (9) as

X J ( p , m) = mQs[(y (27)

being £f = mcglk^cf = m2(t§ a nondimensional quantity eval-
uated at the flame front, and (tp an average characteristic
time parameter of the gas phase to be defined for each flame
model. The parameter y is used to describe the space elon-
gation of the flame (for details, see Ref. 39, p. 537). Notice
that y = 0 recovers the classical KTSS distributed flame, while
the y > 0 case deals with distributed flames of larger thickness.
With the additional assumption of £f large, find the following
linearized expressions for the function F(y, £f): F(y = 0, £f
large) = I (i.e., the standard KTSS linear flame) and F(y =
1, £ large) ^1 - l/^

In this work, analytical solutions are provided for y = 0
or y = 1; the associated linear heat feedback is

qg,s(p, m) = mQg[(y + !)/£][! - (y/(,)] (28)

The transient flame temperature is provided by a gas phase
energy balance for any quasisteady flame as

Q*(P) ~ , m)lm(t)
(29)

The (average) characteristic gas phase time parameter is writ-
ten as

(tl(p,m))=f(p)g(m) (30)

where the function/(/?), depending on pressure only, is eval-
uated under steady operations, but in the spirit of gas-phase
quasisteadiness is assumed valid under transient conditions as
well. The function g(m) depends primarily on temperature
and requires a specific submodel; notice that for convenience,
in the sense of gas phase quasisteadiness, reference is made
to the variable m, the instantaneous mass burning rate. For
y = 0 and g(m) = 1, the standard KTSS linear transient
flame model is recovered. In all developments of this article,
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only g(m) = 1 is considered; results for g(m) =£ 1 were
reported in Ref. 40, for example.
B. Standard "Two-Parameter" Form

All QSHOD frequency response functions, for both FM
and ZN methods, can be cast in the standard two-parameter
form.19 From a formal viewpoint, it is seen that two "uni-
versal" laws, respectively, for pressure and radiation-driven
frequency response functions can be established.26-4°-42 Only
parameter B (essentially related to the flame description) takes
different values for different configurations; parameter A (re-
lated to surface pyrolysis) is not affected being defined in
general as

AI J\ T/-r ^ N d /;, rhs~]A(p, 70) = (Ts - 7\) —p-
L W* Jp./o

(31)

C. Pressure-Driven Frequency Response
For pressure fluctuations, a general expressions is

nABn + n,(A, - 1)
A) + ABP

whose static limit is

lim Rp((o) = lim = n

(32)

(33)

being n defined by the experimental steady-state burning rate
law.

For pressure-driven sharp flames, find

Bp - (C6 + cJce)IA (34)

valid for arbitrary ns if the following constraint is simultane-
ously satisfied:

cc
s C

(35)

where

=
1

ct,
2Qg- cg(Tf - t.)

Cf, = — TT

2 Qg - cg(Tf - T,)

_ ag + Eg T\
2 Tf,

(36)

Bp = Bp(y)=-\Wp(y)+^-:

For pressure-driven distributed flames (y = 0 and y = 1)
with arbitrary ns, find

(37)

(38)

where both parameters are convenient generalizations of the
corresponding quantities

(39)

(40)

previously introduced by Culick (p. 26 of Ref. 21). The results
by KTSS22 are recovered by using Bp from Eq. (39) with
cg/cc = 1.

For pressure-driven fluctuations in the ZN framework, as
reformulated by Son and Brewster,26 find

A = k/r, B = 1/k, n = v and ns = 8/r (41)
D. Radiation-Driven Frequency Response

For radiation fluctuations, a general expression is

nqABq
(I - Nt)(l - AQ - ir

Al

whose static limit is

A l V

i - r> / \ vhm Rq(a>) = hm —77- - AI

~ Al ~~ Lr)
(42)

(43)

being «9, defined by the experimental steady-state burning
rate law.

For radiation-driven sharp flames, with arbitrary ns within
the constraint of Eq. (35), find

C6 + cg/cc qr and n. = -j- (44)

For radiation-driven distributed flames (y = 0 and y = 1)
with arbitrary ns, find

B, = Bq(y) - Bp(y) + qr = -
A

(45)

Bq(y)
For radiation-driven fluctuations in the ZN framework, as

reformulated by Son and Brewster,26 find

A = k/r, B = Ilk, nq = vq and ns = dqlr (46)
E. Unbounded Response Limit

By putting the denominator of Rp = 0 in Eq. (32), a com-
plex equation is obtained. This defines QSHOD stability
boundaries and the related frequency laws for pressure-driven
linear burning for both FM and ZN approaches. These bound-
aries correspond to the condition of unbounded response of
the burning propellant even for vanishing fluctuations of the
forcing term and were first identified by Denison and Baum17

for a sharp flame subjected to pressure fluctuations. In the
FM approach the stability boundary is

A = K(K - 1)12 (47)

while the frequency of the unbounded response is given by

fl = [(K - 1)/2]VK(K - 2) (48)

requiring K > 2 for real O. These results are valid for both
sharp and distributed flames, since for both configurations

K = 1 + A - ABn (49)
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but the explicit expressions of K are different because the
proper value of Bp has to be introduced [see Eq. (34) for
sharp flames and Eq. (37) for distributed flames]; detailed
relationships are reported.40 Comparison of these results with
those obtained from the formal FM and ZN stability analyses
is discussed in the next section.

Putting the denominator of Rq = 0 in Eq. (42), yields
QSHOD stability boundaries and the related frequency laws
for radiation-driven linear burning. Exactly the same formal
results are obtained if surface absorption is assumed for the
radiation-driven frequency response; but relevant parameters
implicitly depend on the radiant flux intensity as well. For
pressure fluctuations or radiation fluctuations in the limit of
surface absorption, the same set of equations holds true; in
the FM approach Eqs. (47-49) are true if Eq replaces Bp in
Eq. (49).

For radiation-driven frequency response with volumetric
absorption (Nt =£ 0 and ir — finite), only the limiting con-
figuration of a very transparent condensed phase (ir « 1)
can be explicitly treated. By extending the previous analysis,
the expression of K [Eq. (49)] and frequency of the un-
bounded response [Eq. (48)] are found to be unaffected, while
the stability boundary is now given by

,4(1 - N,qr) = K(K - 1)12 (50)

Thus, the intrinsic burning stability region decreases. This
finding extends the corresponding previous result by just in-
corporating the factor (1 - Ntqr), which collapses to 1 under
pressure-driven (qr = 0) or radiation-driven burning in the
limit of surface absorption (Nt = 0).

VI. General Comparison of QSHOD Intrinsic
Stability for Inert Condensed Phase

For the reader's convenience, first recall that in their clas-
sical analysis of premixed flames Denison and Baum17 intro-
duced three parameters (ADB, aDB, and #DB) and formulated
the instability condition for a steady-state burning propellant

0

(51)

(52)

exactly matching the ZN stability conditions (see also p. 623
of Ref. 13). Similar results for diffusion flames were found
later by KTSS,22 again using three parameters (w5, BKTSS, and
^KTSS)- A full discussion is reported by Williams43; see in
particular pp. 330-335.

In the linear regime, a complete agreement is found be-
tween the abstract nonlinear stability analysis (here per-
formed within the FM framework), unbounded response limit
of pressure- or radiation-driven frequency responses (avail-
able for both the FM and ZN frameworks), and the ZN sta-
bility analysis. A formal equivalence is obtained if one puts

A = ADB = ws = a = klr

Bq = aDB = £KTSS = (1 + A - K)IA

= (1 + a - b)/a = Ilk
(53)

K = = 1 + A - AB, = I• + (klr) - (llr)
(54)

where, in general, all parameters are both pressure- and ra-
diation-dependent. The positions in Eqs. (53) and (54) make
all the relationships reported above for the stability boundary
and oscillation frequency equivalent and interchangeable.
Therefore, all methods (each within its validity limits) yield
the same intrinsic stability boundary as, e.g.,

and the same frequency of the oscillatory solution just at the
stability boundary as, e.g.,

(1 = [(b - l)/2]Vb(b - 2)

The last result about the frequency of unbounded response
recovers in particular the classical prediction 11 = A vB by
Culick (p. 2251 of Ref. 19).

Thus, allowing either infinitesimal (linear theories) or small
but finite disturbances (nonlinear theories), yield the same
intrinsic stability boundaries and frequencies. A summarizing
overview of intrinsic burning stability in the broad QSHOD
framework is shown in Fig. 2. Typical trends, computed with
a standard set of properties for both an homogeneous non-
catalyzed double-base (DBN) and composite ammonium
perchlorate-(AP)-based propellants of national production (see
Table 1), are illustrated in Fig. 3. The higher value of a clearly
reveals the more vigorous gasification of the AP-based com-
position with larger oxidizer content. The intrinsic stability
features of all compositions are well inside the r = 1 limit set
in the ZN stability analysis, as indicated in the figure. A
somewhat unexpected effect of radiation driven burning on
intrinsic stability is emphasized in Fig. 4: while large radiant
flux are always stabilizing (forcing the deflagration wave to
saturate into an ablation wave), moderate values can trigger
instability (due to flame elongation). Notice that burning con-
figurations unstable under adiabatic burning (at subatmo-
spheric pressure) are made stable by large enough radiant
flux, but also marginally stable burning configurations (just
at atmospheric pressure) are first destabilized and then made
stable by large enough radiant flux. The plot in Fig. 4 was
purposely obtained with a convenient value of surface heat
release (Qs = 136 cal/g) to underline some peculiarities of
radiation-assisted burning. The expectations of Fig. 3 and Fig.
4 were confirmed by numerical computations in terms of
boundary location and oscillatory frequency.

1
2
£

f
fl
E

AP86

- 2 - 1 0 1 2 3 4 5 6

Nondlm. Stability Parameter, b

Fig. 3 Intrinsic stability features of DBN and AP-based solid pro-
pellants.

• - - - I0 = 0-500 cal/cm2s
_ p = 0.7,0.85.1,2,3,10,30.68 aim

AP80 Qs=136 cal/g

I

5
E

= b(b - 1)12 (55) Fig.

5.00
1 2 3 4 5

Nondlm. Stability Parameter, b
4 Intrinsic stability features of radiation assisted burning.
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Table 1 Properties of composite solid propellant AP.PBAA/80.20 used as test case

Assumed or measured properties Computed properties
Condensed phase thermal conductivity,

kc = 7.115E - 03 cal/cm sK
Condensed phase thermal responsivity,

Yc = 1.902E - 02 cal/cm2 Vs K

Reference properties at 68 atm
AP mass fraction, ox =
Condensed phase density, pc = 1.54 g/cm3

Condensed phase specific heat, cc = 0.33
cal/g

Condensed phase thermal diffusivity, ac =
1.400E - 03 cm2/s

Initial temperature of sample, T{ = 300 K
AP crystalline transition temperature, Tlia

= 513 K
Condensed phase absorption coefficient,

«A - 1000cm-1

Surface activation energy, Es = 1.600E +
04 cal/mole

Pyrolysis law pressure power, ns = 0
Pyrolysis law temperature power, as = 0
Gas phase activation energy, Eg = 2.000E

+ 04 cal/mole
Gas phase specific heat, cg = 0.33 cal/g K
Gas phase thermal conductivity, kg =

2.000£ - 04 cal/cm s K
Average molecular mass of gas products,

M = 26 g/mole
afiy flame model parameters: a(p) = 0,

ftp) = 1, y(p) = 1
Steady burning rate, rb = 0.837(p//?ref)0-46

Steady surface heat release (positive if ex-
othermic), Q, = 100

Steady burning surface temperature, Ts =
1000(p/prof)°-053

Steady adiabatic flame temperature, 7} =
2430(p//7ref)°-()1

Pressure, pref = 68 atm
Temperature, Trcf = 300 K
Condensed phase characteristic length,

ac/rb,rcf = 16.73 fjim
Condensed phase characteristic time, aj

/i,rof - 1.998ms
Condensed phase sink, Qrct = 231.0 cal/g
Gas phase heat release, <2,,rcf

 = 544.7
cal/g

Flame thickness, jc/ref = 65.31 ^m
Thermal flux, qrct = 297.S cal/cm2 s

VII. Effects of a Uniform Heat Release Rate in the
Condensed Phase

Frequency response functions were also obtained in the
more general configuration of heat release distribution vol-
umetrically distributed in the condensed phase. Unfortu-
nately, the problem is by far too complex for a general treat-
ment, and thus, only the special case of zero-order reaction
with uniform heat release rate distribution is discussed. It is
assumed that a further source term of the kind Qcsc/cc is
present in Eq. (1) over a layer of thickness lc, that is for 0 <
jc < x, or Ts > T > Th being T, a known property of the
propellant under test. Comparison with the standard surface
concentrated chemical reactions is carried out by keeping con-
stant the total amount Qx = Qc + Qs of heat release in the
condensed phase, that is by volumetrically distributing over
the condensed-phase different fractions Qc of the total Qx.
Steady-state mass conservation requires

- P" =m = pc£cJ - /"
dx (56)

By matching the thermal profiles at both the burning surface
and edge of the reacting layer in the condensed phase, the
steady-state thermal profiles can be obtained18-29; see also the
pertinent comments in Ref. 44.

A distributed or spacewise thick flames of thickness jty are
assumed for the gas phase. Thus, the heat feedback from the
gas phase is given by Eq. (27) and the (average) characteristic
gas phase time parameter by Eq. (30). A difference arises
when evaluating the function f(p) through the steady-state
adiabatic energy balance at the burning surface45

- Hc - Hs

1 + 4-y +
1 - Hc - Hs

Hv
(57)

including as particular case the inert condensed phase con-
figuration. The standard KTSS linear transient flame model
is recovered for y = 0 and Qc = Hc = 0.

By repeating the standard linear perturbation approach,
the externally driven frequency response functions can be
obtained. While lc and ec are fluctuating quantities, it is as-
sumed that Qc and Qg are not fluctuating.

A. Frequency Response Functions
For pressure-driven distributed flames (y = 0 and y = 1)

with arbitrary ns, find

nABp +H/A, - 1)
A, -

whose static limit is

.D, - D2) - (1 + A) + ABp

(58)

lim Rp(co) = lim —— = n
o>-»0 <u-»0 P IP

Notice that

A2D3

D3
• A , f o r

(59)

(60)

- D2)^> - ( A / X , ) for Qc^ 0 (61)

being D t , D2, and D3 computable quantities.
In the previous expression for the pressure-driven fre-

quency response function

BP = Bp(y) - (Un)[Wp(y) + (cglce)(nJA)] (62)
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frequency response function of distributed flames at 1 atm for y = 0
or y = 1 and the indicated values of condensed phase heat release.
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Fig. 7 a) Magnitude and b) phase of normalized radiation driven
frequency response function of distributed flames for y = 0, p = 1
atm, Qc = 20 cal/g, and Qs = 80 cal/g, and the indicated values of
radiant heat flux.
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-2

Fig. 9 Intrinsic stability map of the test case, under adiabatic burn-
ing, for y = 0 and the indicated values of the operating conditions.

Fig. 10 Intrinsic stability map of the test case, under radiation as-
sisted burning with 70 = 100 W/cm2, for y = 0 and the indicated
values of the operating conditions.

Wp(y) - 1 +

- Au)(l - Hc) - 2HS

2(1 -Hc- H,)
- Hc - Hs
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y + 1

+ n^
(A10 - 1) H

, 1 r x •h 4 ———— - ——y + 1

cc n
- H - H (y + 1MiLc LLs v ' y

^

(63)

are both further generalizations, respectively, of Eqs. (39)
and (40) previously recalled.

Typical trends are illustrated in Fig. 5, showing the effect
of flame thickness, and Fig. 6, showing the effect of pressure,
for the indicated set of operating conditions. Both endother-
mic and exothermic reactions were tested; the total heat re-
lease Qx = Qs + Qc is kept constant. The results of Fig. 5
confirm that thickening of flames is destablizing, while the
results of Fig. 6 confirm that increasing pressure is stabilizing.
Stability assessments are presented in what follows.

For radiation-driven distributed flames (y = 0 and y = 1)
with arbitrary ns, find

laws for pressure-driven linear burning with chemically re-
acting condensed phase. Since analytical treatments are now
forbidden, a numerical approach was implemented to get the
solution of the complex equation. The results obtained are
reported in Fig. 9 (adiabatic burning) and Fig. 10 (radiation-
assisted burning) for the indicated values of operating con-
ditions, and in particular, of the heat release partition between
condensed phase Qc and burning surface Qs. The plane A vs
K = 1 + A — ABq was selected as representative because

nqABq(l - N, - A3)
A, + - Z>2) - (1 + A) + ABq -

(64)

where

A, = A2Z)3

+ D, Z>4 + ———

(65)

being D4 a computable quantity.
Typical trends are illustrated in Fig. 7, showing the effect

of average radiant flux intensity for Qc = 20 cal/g, and Fig.
8, showing the effect of pressure, for the indicated set of
operating conditions. The results of Fig. 7 confirm the inver-
sion effect due to large radiant flux, while the results of Fig.
8 confirm that increasing pressure squeezes the radiation ef-
fect.

B. Unbounded Response Limit
By putting the denominator of Rp = 0 in Eq. (58), yields

the QSHOD stability boundaries and the related frequency

it permits to easily verify whether the chemically inert con-
densed phase results are recovered. On this plane, different
unbounded response limits are found for different values of
Qc\ for Qc = 0, the standard QSHOD limit for inert chem-
ically inert condensed phase is always recovered. The previous
trends are again verified: decreasing pressure is destabilizing,
while increasing total condensed phase heat release Qx = Qs
+ Qc is destabilizing. In addition, observe that chemical re-
actions passing from endothermic to exothermic imply a sta-
bilizing effect; e.g., contrast at 1 atm and Qx = 130 cal/g the
time-invariant steady solution for Qc = — 20%QX (linearly
unstable) with the time-invariant steady solution for Qc =
+ 20%QX (linearly stable). For decreasing pressure, e.g., at
0.1 atm, the whole investigated Qc range is linearly unstable;
for increasing pressure, e.g., at 10 atm, the whole investigated
Qc range is linearly stable. But under all investigated circum-
stances, the locus of steady solutions with endothermic heat
release is systematically closer to the unbounded response
limit, especially for large total heat release Qx. Similar trends
are observed in Fig. 10 for the investigated set of parameters.
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VIII. Conclusions and Future Work
All QSHOD intrinsic stability analyses for chemically inert

condensed phase predict the same intrinsic stability boundary.
The two commonly used approaches known as FM and ZN
are equivalent. The results obtained from a nonlinear abstract
analysis of intrinsic burning stability confirm and somewhat
extend the classical ZN stability plot. For all stability analyses,
steady-state solutions are expected to be time-invariant on
the left of the stability boundary and oscillatory just on the
boundary. The predicted frequencies of the unbounded re-
sponse (frequency-response functions) or self-sustained os-
cillatory burning (stability theories) just on the boundary are
identical. The boundary means incipient instability of the time-
invariant solution and beginning of Hopf bifurcation.

Frequency-response functions and unbounded response limits
were also obtained for volumetrically distributed chemical
reactions in the condensed phase with a uniform heat release
rate distribution. Both endothermic and exothermic reactions
are allowed. The results of chemically inert condensed phase
are recovered as a particular case. The stabilizing effects of
large pressures, short flames, and/or low total heat release in
the condensed phase are confirmed; in addition, endothermic
reactions are found to promote instability.

Fundamental progress is needed as to the structure as well
as planarity of surface layer, and chemical as well as radiative
processes of condensed phase especially if heterogeneous.
This, in turn, calls also for sophisticated nonintrusive diag-
nostic techniques and multidimensional computational ca-
pabilities. Work in this area is presently under progress.
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